Comment on `Energy transfer, entanglement and decoherence in a molecular
  dimer interacting with a phonon bath' by Lim, James et al.
ar
X
iv
:1
31
2.
42
86
v1
  [
qu
an
t-p
h]
  1
6 D
ec
 20
13
Comment on ‘Energy transfer, entanglement and
decoherence in a molecular dimer interacting with a
phonon bath’
James Lim1,2,3, Mark Tame4, Ki Hyuk Yee1,2,
Joong-Sung Lee1,2 and Jinhyoung Lee1,2
1 Department of Physics, Hanyang University, Seoul 133-791, Korea
2 Center for Macroscopic Quantum Control, Seoul National University, Seoul
151-742, Korea
3 Research Institute for Natural Sciences, Hanyang University, Seoul 133-791, Korea
4 School of Chemistry and Physics, University of KwaZulu-Natal, Durban 4001,
South Africa
E-mail: markstame@gmail.com and hyoung@hanyang.ac.kr
Abstract. We show that the influence of the shared phonon bath considered in
Hossein-Nejad H and Scholes G D 2010 New J. Phys. 12 065045 on the exciton
transfer in a two-molecule system can be reproduced by that of an independent bath
model.
21. Introduction
In a recent paper [1], Hossein-Nejad and Scholes investigated a two-molecule system
coupled to a shared phonon bath, where the molecules are coupled to the same
phonon modes. The Hamiltonian of this shared bath model is different from that
of an independent bath model where each molecule is coupled to an independent
phonon bath. The two bath models are mathematically different and describe different
physical situations. However, the authors investigated the time evolution of the
reduced electronic state of the molecules, which describes exciton transfer dynamics,
and mentioned that the influence of the shared bath model on exciton transfer cannot
be reproduced with an independent bath model.
Here we show that an independent bath model can reproduce the same exciton
transfer dynamics as obtained by the shared bath model considered by the authors.
This means that if one considers only the reduced electronic state of the molecules
by tracing out the phonon degrees of freedom, a distinction between the shared and
independent bath models is not possible. This comment therefore suggests that in
order to distinguish the shared bath model from an independent bath model, one needs
to consider something beyond the exciton transfer dynamics, such as the correlations
between exciton and phonons.
The comment is organized as follows. In Section 2, we prove the equivalence between
the shared bath model considered in Ref. [1] and an independent bath model. Here we
call two bath models equivalent if they lead to the same exciton transfer dynamics. For
simplicity, we prove the equivalence in the presence of a few phonon modes and then
generalize the proof to the case of many phonon modes as considered by the authors. In
Section 3, we show that a transformation technique employed in Section 2 can provide
a new insight into a different type of shared phonon bath considered in Ref. [2].
2. Anti-correlated Shared Bath
2.1. Anti-correlated shared phonon mode
We investigate single-exciton transfer with the Hamiltonian of the total system in the
single-exciton manifold
Hˆ = Hˆe + Hˆph + g(|1〉 〈1| − |2〉 〈2|)⊗ (bˆ† + bˆ), (1)
where |j〉 represents a single-exciton state with only molecule j excited and the other
molecule is in its ground state. Here, Hˆe is the Hamiltonian of the molecules and
Hˆph = ~ωbˆ
†bˆ is the Hamiltonian of a shared phonon mode with bˆ† and bˆ denoting its
creation and annihilation operators. The state of the total system at initial time t = 0
is taken to be in a product form of ρˆ(0) = ρˆe(0) ⊗ e−βHˆph/Tr[e−βHˆph ] where ρˆe(0) is
the initial single-exciton state and β is the inverse temperature of the shared phonon
mode. The exciton transfer dynamics are described by the reduced electronic state of
3the molecules ρˆe(t) = Trph[ρˆ(t)] where ρˆ(t) is the state of the total system at time t and
Trph is the partial trace over the phonon degrees of freedom.
To demonstrate that the influence of the shared phonon mode modeled by Eq. (1)
on the reduced electronic state of molecules ρˆe(t) is equivalent to that of independent
phonon modes, we consider a two-molecule system where molecule j is coupled to an
independent phonon mode associated with cˆj
Hˆ = Hˆe + Hˆph + ~
√
2g |1〉 〈1| ⊗ (cˆ†1 + cˆ1) + ~
√
2g |2〉 〈2| ⊗ (cˆ†2 + cˆ2), (2)
where Hˆph = ~ωcˆ†1cˆ1 + ~ωcˆ†2cˆ2 is the Hamiltonian of the phonon modes, and the initial
state of the total system is given by ρˆ(0) = ρˆe(0) ⊗ e−βHˆph/Tr[e−βHˆph ]. We consider a
unitary transformation (basis change) of the annihilation operators of the phonon modes(
cˆ1
cˆ2
)
=
1√
2
(
1 1
−1 1
)(
bˆ
Bˆ
)
= U
(
bˆ
Bˆ
)
. (3)
Due to unitarity, UU † = U †U = I, and the bosonic commutation relations [cˆ1, cˆ
†
1] = 1,
[cˆ2, cˆ
†
2] = 1, [cˆ1, cˆ2] = [cˆ1, cˆ
†
2] = 0, the unitary-transformed operators bˆ and Bˆ satisfy
the bosonic commutation relations [bˆ, bˆ†] = 1, [Bˆ, Bˆ†] = 1, [bˆ, Bˆ] = [bˆ, Bˆ†] = 0, with
bˆ†bˆ+ Bˆ†Bˆ = cˆ†1cˆ1 + cˆ
†
2cˆ2. Then the Hamiltonian of the total system Hˆ can be rewritten
as
Hˆ = Hˆe + Hˆph + ~g(|1〉 〈1| − |2〉 〈2|)⊗ (bˆ† + bˆ)
+ ~g(|1〉 〈1|+ |2〉 〈2|)⊗ (Bˆ† + Bˆ), (4)
where Hˆph = ~ωbˆ†bˆ + ~ωBˆ†Bˆ. Note that the phonon mode associated with Bˆ
does not influence the exciton transfer. This is because: (i) the reduced electronic
state ρˆe(t) = Trph[ρˆ(t)] is in the single-exciton subspace for all time t, i.e. ρˆe(t) =
ρ11(t) |1〉 〈1|+ ρ22(t) |2〉 〈2|+ ρ12(t) |1〉 〈2|+ ρ21(t) |2〉 〈1|, and (ii) the initial state of the
phonon mode associated with Bˆ is decoupled from the rest of the total system at time
t = 0. Then the interaction Hamiltonian ~g(|1〉 〈1| + |2〉 〈2|) ⊗ (Bˆ† + Bˆ) leads to the
decoupled dynamics of the phonon associated with Bˆ and the other degrees of freedom.
In this case, the dynamics of the reduced electronic state ρˆe(t), i.e. the exciton transfer
dynamics, is not influenced even if the phonon mode associated with Bˆ is removed from
Hˆ such that
Hˆ′ = Hˆe + Hˆ′ph + ~g(|1〉 〈1| − |2〉 〈2|)⊗ (bˆ† + bˆ), (5)
where Hˆ′ph = ~ωbˆ†bˆ, and the initial state of the total system is given by ρˆ′(0) =
ρˆe(0) ⊗ e−βHˆ′ph/Tr[e−βHˆ′ph ], leading to ρˆe(t) = Trph[ρˆ(t)] = Trph[ρˆ′(t)]. This implies
that the influence of the shared phonon mode modeled by Eq. (1) on exciton transfer is
equivalent to that of the independent phonon modes associated with cˆ1 and cˆ2 modeled
by Eq. (2).
2.2. Anti-correlated shared phonon bath
We now generalize the proof of the equivalence to the case of many phonon modes and
show that the shared bath model considered in Ref. [1] is equivalent to an independent
4bath model. In Ref. [1], single-exciton transfer was investigated with the Hamiltonian
of the total system in the single-exciton manifold
Hˆ = Hˆe + Hˆph +
∑
ξ
~gξ(|1〉 〈1| − |2〉 〈2|)⊗ (bˆ†ξ + bˆξ), (6)
where Hˆph =
∑
ξ ~ωξbˆ
†
ξ bˆξ is the Hamiltonian of the phonon bath with bˆ
†
ξ and bˆξ
denoting creation and annihilation operators of a shared phonon mode ξ. The state
of the total system at initial time t = 0 was taken to be in a product form of
ρˆ(0) = ρˆe(0) ⊗ e−βHˆph/Tr[e−βHˆph ] where ρˆe(0) is the initial single-exciton state and
β is the inverse temperature of the phonon bath. The exciton transfer dynamics were
described by the reduced electronic state of molecules ρˆe(t) = Trph[ρˆ(t)].
To demonstrate that the shared phonon bath modeled by Eq. (6) is equivalent to
an independent bath model, we start with the Hamiltonian of the total system in the
presence of independent phonon modes
Hˆ = Hˆe + Hˆph +
2∑
j=1
∑
ξ
~
√
2gξ |j〉 〈j| ⊗ (cˆ†jξ + cˆjξ), (7)
where Hˆph =
∑2
j=1
∑
ξ ~ωξcˆ
†
jξcˆjξ. We now consider a unitary transformation of the
annihilation operators of the phonon modes(
cˆ1ξ
cˆ2ξ
)
=
1√
2
(
1 1
−1 1
)(
bˆξ
Bˆξ
)
= U
(
bˆξ
Bˆξ
)
. (8)
Due to unitarity, UU † = U †U = I, and the bosonic commutation relations [cˆ1ξ, cˆ
†
1ξ] = 1,
[cˆ2ξ, cˆ
†
2ξ] = 1, [cˆ1ξ, cˆ2ξ] = [cˆ1ξ, cˆ
†
2ξ] = 0, the unitary-transformed operators bˆξ and Bˆξ
satisfy the bosonic commutation relations [bˆξ, bˆ
†
ξ] = 1, [Bˆξ, Bˆ
†
ξ ] = 1, [bˆξ, Bˆξ] = [bˆξ, Bˆ
†
ξ ] =
0, with bˆ†ξ bˆξ + Bˆ
†
ξBˆξ = cˆ
†
1ξ cˆ1ξ + cˆ
†
2ξ cˆ2ξ. Then the Hamiltonian of the total system Hˆ can
be rewritten as
Hˆ = Hˆe + Hˆph +
∑
ξ
~gξ(|1〉 〈1| − |2〉 〈2|)⊗ (bˆ†ξ + bˆξ)
+
∑
ξ
~gξ(|1〉 〈1|+ |2〉 〈2|)⊗ (Bˆ†ξ + Bˆξ), (9)
where Hˆph =
∑
ξ ~ωξ bˆ
†
ξ bˆξ+
∑
ξ ~ωξBˆ
†
ξBˆξ. Similar to the case of a few phonon modes, the
phonon modes associated with Bˆξ do not influence the exciton transfer dynamics even if
they are removed from Hˆ. This implies that the influence of the shared phonon modes bˆξ
modeled by Eq. (6) on exciton transfer is equivalent to that of the independent phonon
modes associated with cˆ1ξ and cˆ2ξ modeled by Eq. (7). This shows that the shared bath
model considered in Ref. [1] is equivalent to an independent bath model.
3. Positive and Negative Correlations
The transformation technique employed in the previous section can provide a new insight
into a different type of shared phonon bath. In Ref. [2], the Hamiltonian of the total
5system in the single-exciton manifold was modeled by
Hˆ = Hˆe + Hˆph +
∑
ξ
~gξ(|1〉 〈1|+ α |2〉 〈2|)⊗ (bˆ†1ξ + bˆ1ξ)
+
∑
ξ
~gξ(|2〉 〈2|+ α |1〉 〈1|)⊗ (bˆ†2ξ + bˆ2ξ), (10)
with α = 0 corresponding to an independent bath model, 0 < α ≤ 1 and α < 0 were
called positive and negative correlations respectively. Here, Hˆe is the Hamiltonian of
the molecules and Hˆph =
∑2
j=1
∑
ξ ~ωξ bˆ
†
jξbˆjξ is the Hamiltonian of the phonon modes.
The state of the total system at initial time t = 0 was taken to be in a product form of
ρˆ(0) = ρˆe(0)⊗ e−βHˆph/Tr[e−βHˆph ] where ρˆe(0) is the initial single-exciton state and β is
the inverse temperature of the phonon bath. Similarly to the previous case, we consider
a unitary transformation of the annihilation operators of the phonon modes(
bˆ1ξ
bˆ2ξ
)
=
1√
2
(
1 1
−1 1
)(
cˆξ
Cˆξ
)
= U
(
cˆξ
Cˆξ
)
. (11)
Due to unitarity, UU † = U †U = I, and the bosonic commutation relations [bˆ1ξ, bˆ
†
1ξ] = 1,
[bˆ2ξ, bˆ
†
2ξ] = 1, [bˆ1ξ, bˆ2ξ] = [bˆ1ξ, bˆ
†
2ξ] = 0, the unitary-transformed operators cˆξ and Cˆξ
satisfy the bosonic commutation relations [cˆξ, cˆ
†
ξ] = 1, [Cˆξ, Cˆ
†
ξ ] = 1, [cˆξ, Cˆξ] = [cˆξ, Cˆ
†
ξ ] =
0, with cˆ†ξcˆξ + Cˆ
†
ξ Cˆξ = bˆ
†
1ξ bˆ1ξ + bˆ
†
2ξ bˆ2ξ. Then the Hamiltonian of the total system Hˆ can
be rewritten as
Hˆ = Hˆe + Hˆph +
∑
ξ
~
gξ√
2
(1− α)(|1〉 〈1| − |2〉 〈2|)⊗ (cˆ†ξ + cˆξ)
+
∑
ξ
~
gξ√
2
(1 + α)(|1〉 〈1|+ |2〉 〈2|)⊗ (Cˆ†ξ + Cˆξ), (12)
with Hˆph =
∑
ξ ~ωξcˆ
†
ξ cˆξ +
∑
ξ ~ωξCˆ
†
ξ Cˆξ. It is notable that the phonon modes associated
with Cˆξ do not influence the single-exciton transfer described by the reduced electronic
state of the molecules, ρˆe(t). This implies that the exciton transfer dynamics are not
altered even if we consider only the phonon modes associated with cˆξ such that the
Hamiltonian is reduced to
Hˆ ′ = Hˆe + Hˆ
′
ph +
∑
ξ
~
gξ√
2
(1− α)(|1〉 〈1| − |2〉 〈2|)⊗ (cˆ†ξ + cˆξ), (13)
with Hˆ ′ph =
∑
ξ ~ωξ cˆ
†
ξcˆξ, and the initial state of the total system is given by ρˆ
′(0) =
ρˆe(0)⊗ e−βHˆ′ph/Tr[e−βHˆ′ph ], leading to ρˆe(t) = Trph[ρˆ(t)] = Trph[ρˆ′(t)]. This implies that
the influence of the shared phonon modes modeled by Eq. (10) on the exciton transfer
is essentially equivalent to that of the shared phonon modes modeled by Eq. (6) if
the exciton-phonon coupling gξ in Eq. (6) is replaced by gξ(1 − α)/
√
2 in Eq. (13).
Thus, this model is also equivalent to a local phonon bath model with an effective
exciton-phonon coupling gξ(1 − α)/
√
2, which depends on the degree of correlation α.
This implies that the positive correlation with 0 < α ≤ 1 is equivalent to weakly
coupled local baths when compared to the independent bath model with α = 0, i.e.
6∣∣gξ(1− α)/√2∣∣ < ∣∣gξ/√2∣∣. On the other hand, the negative correlation with α < 0
is equivalent to strongly coupled local baths when compared to the independent bath
model with α = 0, i.e.
∣∣gξ(1− α)/√2∣∣ > ∣∣gξ/√2∣∣. These results suggest that the
positive correlation enhances coherent behavior of the exciton transfer as α is increased
from 0 up to 1, while the negative correlation suppresses electronic coherence as α is
decreased. This is inline with the simulation results displayed in figure 4 of Ref. [2].
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